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Abstract
A dendrite D in a metric space X is said to be free if there exists a connected open set U in X such that U = D. In this paper,
we prove that there is no expansive commutative group action on any Peano continuum having a free dendrite. In particular, no
1-dimensional compact ANR admits an expansive commutative group action.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let X be a metric space with metric d , and let Homeo(X) be the homeomorphism group of X. Recall that if F
is a subgroup of Homeo(X), then F is said to be a dynamical system on X. If there is a c > 0 such that for any two
different points x, y ∈ X, there is an f ∈ F such that d(f (x), f (y)) > c, then F is said to be expansive or c-expansive,
and c is said to be an expansive constant for F . For any h ∈ Homeo(X), if F = {hn: n ∈ Z} is c-expansive, then h is
said to be c-expansive.
Whether a metric space admits an expansive homeomorphism has been investigated by some authors (see, e.g.,
[3–6,8,11]). In the past ten years, the study of chaotic group actions has absorbed some authors’ interests (see, e.g.,
[1,2,10]). Motivated by these processes, we are interested in the following question: What kinds of continua admit
(or admit no) expansive group actions? In fact, Shi et al. [12] showed that each Peano continuum that contains no
θ -curves admits no expansive Zn actions.
In [3], Kato proved that no 1-dimensional compact ANR admits an expansive homeomorphism. His proof relies on
some ideas given by Man˜é in [7]. In this paper, we give the notion of transitive amount of a set of homeomorphisms
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34 J. Mai, E. Shi / Topology and its Applications 155 (2007) 33–38{h1, h2, . . . , hm} with respect to an open cover {U1,U2, . . . ,Un} (see Definition 3.1). Using this notion, we prove that
each Peano continuum having a free dendrite admits no expansive commutative group actions. This generalizes the
above result of Kato.
2. Preliminaries
First of all, let us recall some definitions. By a continuum, we mean a compact connected metric space. A continuum
X is said to be a Peano continuum if it is locally connected. By a dendrite X, we mean a Peano continuum having no
circle.
All continua in this paper are assumed to be nondegenerate.
Definition 2.1. A dendrite D in a metric space (X,d) is said to be free if there exists a connected open set U in X
such that the closure U = D.
Definition 2.2. A free dendrite D in the metric space X is said to be strongly free if there is an arc A ⊂ D such
that ∂X(D) = End(A) ⊂ End(D). (Here, ∂X(D) denotes the boundary of D in X and End(D) denotes the set of all
endpoints of D.) The arc A is said to be the trunk of the strongly free dendrite D.
Let A be an arc, and let End(A) be the set of the two endpoints of A. Write ˚A = A − End(A).
Definition 2.3. Let D be a dendrite, and let A be an arc in D. Write D(A) = A∪ (⋃{Y : Y is a component of D −A,
and Y ∩ ˚A = ∅}), and D(A) is called the subdendrite of D strung by A.
For y ∈ Y ⊂ X and ε > 0, write B(y, ε) = {x ∈ X: d(x, y) < ε} and B(Y, ε) = {x ∈ X: d(x,Y ) < ε}.
Lemma 2.4. A metric space X has a strongly free dendrite if and only if it has a free dendrite.
Proof. We need only to prove the sufficiency. Let U be a connected open set in X such that U is a dendrite. Take
an arc D in X and an ε > 0 such that B(D,ε) ⊂ U . Since U − D has only finitely many connected components of
diameter > ε, there exists an arc A ⊂ D − End(D) such that the closure of each connected component of U − D
which has diameter > ε is disjoint from A − End(A). Let D1 = U(A), the subdendrite of U strung by A. Then
D1 ⊂ B(A,ε) ⊂ B(D,ε) ⊂ U , and ∂U (D1) = End(A) ⊂ End(D1). Hence, D1 −End(A) is open in U (via the relative
topology on U ), and thus D1 − End(A) is open in U (via the relative topology on U ). Since U is an open subset of X,
D1 −End(A) is open in X. Thus we get ∂X(D1) ⊂ End(A) = ∂U (D1) ⊂ ∂X(D1), and so D1 is a strongly free dendrite
in X. 
By Definition 2.3, we get immediately
Lemma 2.5. Let D be a dendrite, A an arc in D, and let D1 = D(A), the subdendrite of D strung by A.
(1) If A′ is a subarc of A, then D1(A′) = D(A′).
(2) If A′ and A′′ are subarcs of A and A′ ∩A′′ = ∅, then D(A′) ∩ D(A′′) = ∅.
Lemma 2.6. Suppose that D is a strongly free dendrite in the metric space X with an arc A being its trunk, and A′ is
a subarc of A. Then D(A′) is a strongly free dendrite in X with A′ being its trunk.
Proof. Obviously, D(A′) − End(A′) is an open subset of the space D, and hence it is an open subset of the space
D − ∂X(D), and of the space X. This implies that ∂X(D(A′)) ⊂ End(A′). On the other hand, whether End(A′) ∩
End(A) = ∅ or not, we always have End(A′) ⊂ ∂X(D(A′)), which implies that ∂X(D(A′)) = End(A′) ⊂ End(D(A′)).
Thus D(A′) is a strongly free dendrite in X with A′ being its trunk. 
J. Mai, E. Shi / Topology and its Applications 155 (2007) 33–38 35Lemma 2.7. Suppose that D is a strongly free dendrite in the metric space X with an arc A being its trunk, and Y is
a connected subset of X. If Y ∩ ˚A = ∅ and Y ∩ End(A) = ∅, then Y ⊂ D.
Proof. Since D−End(A) is a component of X−End(A), and Y is a connected subset of X−End(A) with Y ∩ (D−
End(A)) ⊃ Y ∩ ˚A = ∅, Y ⊂ D − End(A) ⊂ D. 
The following lemma is well known (e.g., see [9, 8.30]).
Lemma 2.8. Let X be a Peano continuum. Then for any ε > 0, there is δ = δ(ε) ∈ (0, ε/2] such that, for any x, y ∈ X
with 0 < d(x, y) δ, there always exists an arc A in X which has end points x and y and diam(A) < ε. 
To prove Lemma 2.9, let us recall some definitions and terminologies.
For any dendrite D and any two different points u and v in D, the symbol [u,v]D denotes the (unique) arc in D
with end points u and v. Write [u,v)D = (v,u]D = [u,v]D − {v}, (u, v)D = [u,v)D − {u}, and write [u,u]D = {u}.
Let A be an arc, and let ≺ be an ordering in A. If there is a homeomorphism h :A → I (= [0,1]) such that, for any
x, y ∈ A, x ≺ y if and only if h(x) < h(y), then ≺ is called a natural ordering. Suppose that y0, y1, . . . , ym are points
in the arc A, m 2, and End(A) = {y0, ym}. If y0 ≺ y1 ≺ y2 ≺ · · · ≺ ym−1 ≺ ym via a natural ordering ≺ in A, and
d(yk, y0) = k · d(ym,y0)/m, for all k ∈ Nm,
then the sequence (y1, y2, . . . , ym−1) is said to be a group of pseudo m-section points of A from y0 to ym.
Let X be a compact metric space with metric d . By the hyperspace of X, we mean 2X = {A: A is a nonempty closed
subset of X} with the Hausdorff metric dH , i.e., dH (A,B) = inf{ε: B(A,ε) ⊃ B and B(B, ε) ⊃ A}. It is well known
that the hyperspace (2X,dH ) is a compact metric space (see, e.g., [9]).
Lemma 2.9. Let X be a Peano continuum. Fix an ε > 0, and let δ = δ(ε) be as in Lemma 2.8. Suppose that D is a
strongly free dendrite in X with an arc A being its trunk, End(A) = {y0, y7} and (y1, . . . , y6) is a group of pseudo
7-section points of A from y0 to y7. Also, suppose that J is an arc in X, End(J ) = {w0,w7}, (w1, . . . ,w6) is a group
of pseudo 7-section points of J from w0 to w7, and d(w0,w7) = d(y0, y7) = 7ε. If d(wi, yi) < δ for i = 2,3,4,5,
and the Hausdorff metric dH ([w2,w5]J , [y2, y5]A) < δ, then [w3,w4]J ⊂ (y2, y5)A.
Proof. For i = 2,3,4,5, by Lemma 2.8 there exists an arc Li in X such that End(Li) = {wi, yi} and diam(Li) < ε.
Since d(yi, {y1, yi−1, yi+1, y6}) ε, Li ∩ {y1, yi−1, yi+1, y6} = ∅. Then, from Lemma 2.7, Li ⊂ D, and there exists
a point vi ∈ Li ∩ (yi−1, yi+1)A such that [wi, vi]Li ∩A = {vi}.
Similarly, since dH ([w2,w5]J , [y2, y5]A) < δ, for each w ∈ [w2,w5]J , there exist a point y ∈ [y2, y5]A and an arc
L such that d(w,y) < δ, End(L) = {w,y} and diam(L) < ε. It follows that w ∈ L ⊂ D, and thus [w2,w5]J is an arc
in D.
Nevertheless, [w2, v2]L2 ∪ [v2, v5]A ∪ [v5,w5]L5 is also an arc in D with endpoints w2 and w5, hence
[w2,w5]J = [w2, v2]L2 ∪ [v2, v5]A ∪ [v5,w5]L5 .
Since d(w3,w2) ε and diam(L2) < ε, w3 /∈ L2. Similarly, w4 /∈ L5. So we have {w3,w4} ⊂ [v2, v5]A ⊂ (y1, y6)A.
Noting that d(y3, {y2, y4})  ε, End(L3) = {w3, y3} and diam(L3) < ε, we have w3 ∈ (y2, y4)A. Similarly, w4 ∈
(y3, y5)A. Hence, [w3,w4]J = [w3,w4]D ⊂ (y2, y5)A. This completes the proof. 
In addition, we have obviously
Lemma 2.10. Let D be a strongly free dendrite in the metric space X with an arc A being its trunk, and let h :X → X
be a homeomorphism. Then h(D) is a strongly free dendrite in X with the arc h(A) being its trunk.
3. Nonexistence of expansive commutative group actions on Peano continua having free dendrites
Kato [2, Theorem 3.2] proved that there is no expansive homeomorphism on a Peano continuum having a free
dendrite. In this section, we will generalize this theorem to the case of arbitrary commutative group actions.
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on X. Suppose {U1, . . . ,Un} is an open cover of X. Then the number S(h1, . . . , hm) :=∑nj=1 d(Uj ,⋃mi=1 hi(Uj )) is
said to be the transitive amount of {h1, . . . , hm} with respect to {U1, . . . ,Un}.
Now we start to prove the main result of this article.
Theorem 3.2. Let X be a Peano continuum having a free dendrite. Then no commutative subgroup of Homeo(X) is
expansive.
Proof. Assume that there is an expansive commutative subgroup F of Homeo(X) with an expansive constant ε0. Let
ε = ε0/7, and let δ = δ(ε) ∈ (0, ε/2] be as in the statement of Lemma 2.8. Since X is locally arcwise connected, there
are finitely many arcwise connected open sets U1, . . . ,Un such that
⋃n
j=1 Uj = X and diam(Uj ) < ε for all j ∈ Nn.
For any finite subset {h1, . . . , hm} of F , let
S(h1, . . . , hm) =
n∑
j=1
d
(
Uj ,
m⋃
i=1
hi(Uj )
)
(3.1)
be the transitive amount of {h1, . . . , hm} with respect to {U1, . . . ,Un}.
It follows from Lemma 2.4 that there always exists a strongly free dendrite in X. For any arc A in X, if there are
an arc L and a strongly free dendrite D in X such that L is the trunk of D, and
A ∪
(
m⋃
i=1
hi(A)
)
⊂ L, and A ∩
(
m⋃
i=1
hi(A)
)
= ∅, (3.2)
then A is said to be an arc jumping in the trunk L under {h1, . . . , hm}. Clearly, we have
Claim 1. If A is an arc jumping in some trunk L under {h1, . . . , hm}, then any subarc of A is also an arc jumping in
the trunk L under {h1, . . . , hm}.
Claim 2. If A is an arc jumping in some trunk L under {h1, . . . , hm}, and g ∈ F , then g(A) is also an arc jumping in
the trunk g(L) under {h1, . . . , hm}.
Proof of Claim 2. In fact, if (3.2) holds, then
g(A) ∪
(
m⋃
i=1
hi
(
g(A)
))= g(A) ∪
(
m⋃
i=1
g
(
hi(A)
))⊂ g(L),
and
g(A) ∩
(
m⋃
i=1
hi
(
g(A)
))= g(A) ∩
(
m⋃
i=1
g
(
hi(A)
))= ∅.
Moreover, from Lemma 2.10, if L is the trunk of a strongly free dendrite D, then g(L) is also the trunk of the strongly
free dendrite g(D). Thus Claim 2 holds.
Notice that the commutativity of the group F is used in the proof of Claim 2. We do not require this condition any
more in the rest of the proof of Theorem 3.2.
Claim 3. Let D0 be a strongly free dendrite in X with L0 being its trunk, and let J0 be a subarc of L0. Then there
exist {ϕ,f } ⊂ F and a subarc A of ϕ(J0) such that, A is an arc jumping in the trunk ϕ(L0) of ϕ(D0) under f .
Furthermore, if there is a finite subset {h1, . . . , hm} of F such that J0 is the arc jumping in L0 under {h1, . . . , hm},
then A is the arc jumping in ϕ(L0) under {h1, . . . , hm,f }, and
S(h1, . . . , hm,f ) S(h1, . . . , hm) − δ. (3.3)
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from y00 to y07. Since F is ε0-expansive, for i = 1,2,3, . . . , there exist
{gi−1,Ki−1, Ji, yi0, yi1, . . . , yi7}
satisfying the following three conditions:
(i) gi−1 ∈ F , d(gi−1(yi−1,3), gi−1(yi−1,4)) ε0;
(ii) Ki−1 is a subarc of [yi−1,3, yi−1,4]Ji−1 , Ji = gi−1(Ki−1), End(Ji) = {yi0, yi7}, and d(yi0, yi7) = ε0;
(iii) (yi1, . . . , yi6) is a group of pseudo 7-section points of Ji from yi0 to yi7.
For i = 1,2,3, . . . , let Di = gi−1(Di−1), Li = gi−1(Li−1). Then Ki ⊂ Ji ⊂ Li . It follows from Lemma 2.10 that Di
is a strongly free dendrite in X with Li being its trunk.
Since both the space (X,d) and the hyperspace (2X,dH ) are compact, there exist integers q > p > 0 such that
dH
([yp2, yp5]Jp , [yq2, yq5]Jq)< δ,
and
max
{
d(ypk, yqk): k = 2,3,4,5
}
< δ.
From Lemmas 2.6 and 2.9, we have [yp3, yp4]Jp ⊂ (yq2, yq5)Jq .
Let f = (gq−1 · · ·gp+1gp)−1. Take arbitrarily an arc A in [yq2, yq5]Jq − [yp3, yp4]Jp . Then
A∪ f (A) ⊂ A∪ f (Jq) ⊂ A∪ Kp ⊂ A ∪ [yp3, yp4]Jp ⊂ [yq2, yq5]Jq ⊂ Lq
and
A∩ f (A) ⊂ A∩ [yp3, yp4]Jp = ∅.
Hence, A is the arc jumping in the trunk Lq of Dq under f .
Furthermore, if there is a finite subset {h1, . . . , hm} of F such that J0 is an arc jumping in L0 under {h1, . . . , hm},
then it follows from Claims 1 and 2 that Jq and its subarc A are also arcs jumping in Lq under {h1, . . . , hm}, and thus
A is an arc jumping in Lq under {h1, . . . , hm,f }.
Now we start to prove inequality (3.3). Since f (Jq) ⊂ Kp ⊂ (yq2, yq5)Jq ⊂ Jq , there exists v ∈ (yq2, yq5)Jq such
that f (v) = v. Since {U1, . . . ,Un} is an open cover of X, there is some a ∈ Nn such that v ∈ Ua , which implies that
d
(
Ua,
(
m⋃
i=1
hi(Ua)
)
∪ f (Ua)
)
 d
(
Ua, f (Ua)
)
 0. (3.4)
Let A′ = [yq1, yq6]Jq . Noting that Ua is arcwise connected, diam(Ua) < ε, v ∈ Ua ∩ (yq2, yq5)Jq , d(yq1, yq2) ε,
and d(yq6, yq5) ε, it follows from Lemmas 2.6 and 2.7 that Ua ⊂ Dq(A′). (Recall that Dq(A′) is the subdendrite of
Dq strung by A′.) For each i ∈ Nm, noting that hi(A′) ⊂ hi(Jq) ⊂ Lq − Jq , d(yq0, yq1) ε and d(yq7, yq6) ε, it
follows from Lemma 2.10 that hi(Ua) ⊂ hi(Dq(A′)) = Dq(hi(A′)). If d(Ua,hi(Ua)) < δ, then there exist an x ∈ Ua
and a w ∈ hi(Ua) such that d(x,w) < δ, and, by Lemma 2.8, there is an arc Z in X such that End(Z) = {x,w}
and diam(Z) < ε. Since Dq(Jq) is a dendrite, Dq(Jq) − {yq0, yq7} is a component of X − {yq0, yq7}, x ∈ Dq(A′) ⊂
Dq(Jq) − {yq0, yq7} and w ∈ Dq −Dq(Jq) ⊂ X −Dq(Jq), we have
Z ⊃ [yq0, yq1]Jq or Z ⊃ [yq7, yq6]Jq ,
which implies that diam(Z)min{d(yq0, yq1), d(yq7, yq6)} ε. This is a contradiction. So we must have
d
(
Ua, hi(Ua)
)
 δ,
which together with (3.1) and (3.4) implies
S(h1, . . . , hm) − S(h1, . . . , hm,f ) d
(
Ua,
m⋃
i=1
hi(Ua)
)
− d
(
Ua,
(
m⋃
i=1
hi(Ua)
)
∪ f (Ua)
)
 δ − 0 = δ.
Hence, (3.3) holds. This completes the proof of Claim 3.
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there exist {f0, f1, f2, . . . , fb} ⊂ F such that, for all i ∈ Nb ,
S(f0, f1, . . . , fi−1, fi) S(f0, f1, . . . , fi−1) − δ,
which implies that S(f0, f1, . . . , fb)  S(f0) − bδ < S(f0) − nβ . From (3.1), we obtain that S(f0)  nβ . Thus
S(f0, f1, . . . , fb) < nβ − nβ = 0. However, from (3.1), we also have S(f0, f1, . . . , fb)  0, which is a contradic-
tion. So no commutative subgroup of Homeo(X) is expansive. Thus Theorem 3.2 is proven. 
Clearly we have
Corollary 3.3. Suppose that X is a 1-dimensional compact ANR. Then X does not admit an expansive commutative
group action.
Remark 3.4. Naturally, one may ask whether there is an expansive noncommutative group action on some dendrite. In
fact, even for the simplest dendrite I (= [0,1]), we can easily give an expansive group action on it which is generated
by two noncommutative homeomorphisms. For example, let f and g be two smooth homeomorphisms on I such that
|f ′(x)| > c for x ∈ [0, b] and |g′(y)| > c for y ∈ [a,1], for some constants c > 1 and 0 < a < b < 1. Obviously such
f and g must exist. It is easy to check that the group generated by f and g is expansive.
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